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We present the study of the linear conductance vs. applied gate voltage for an interacting six 
site ring structure, which is threaded by a flux of n and coupled to a left and a right lead. This 
ring structure is designed to have a vanishing conductance for all gate voltages and temperatures 
provided interactions are ignored. Therefore this system is an ideal testbed to study the interplay 
of interaction and interference. First we find a Kondo type resonance for rather large hopping 
parameter. Second, we find additional resonance peaks which can be explained by a population 
blocking mechanism. To this end we have to extend the Kubo approach within the Density Matrix 
Renormalization Group method to handle degenerate states. 



I. INTRODUCTION 

The continuing miniaturization trend in solid state 
physics has lead to the discovery of significant new effects 
and interesting properties of new devices. Two effects 
are playing major roles: Interaction and interference. In- 
terference is the essential component in Aharonov-Bohm 
rings, whereas interaction is the essential component 
in Coulomb blockade experiments and Kondo physics. 
Combining these two effects has turned out to be a 
formidable theoretical taski^r— The appearance of a Fano 
anti resonance has been suggested as a possibility for an 
interference based transistor— and discussed in more de- 
tail inS. The role of interference effects for transport 
properties even for acyclic molecules has been discussed 
ini. Going beyond perturbative approaches the interplay 
of interaction and interference in the transport proper- 
ties was studied by Roura-Bas et. al£. There the authors 
found a crossover between a SU(2) and SU(4)Anderson 
model mediated by an external level splitting. 

In this work we employ the density matrix renormal- 
ization group (DMRG) method^^ to investigate an ex- 
ample of a structure where both interference and inter- 
action play a strong role, a spinless tight-binding model 
of a ring-structure. Threading half a quantum of flux 
through the ring, and disregarding interactions the con- 
ductance of this specific ring is analytically zero for all 
gate voltages as each single-particle level is two-fold de- 
generate and displays perfect destructive interference, see 
appendix. 

Including interaction this picture changes qualita- 
tively: A very broad resonance appears as the strength 
of the interaction is increased. Introducing an asymme- 
try in the ring gradually destroys this resonance, and a 
"normal" Lorentzian line shape at a Coulomb blockade 
position appears, where the single particle levels of the 



isolated ring are half occupied. 

An exponentially decaying line shape combined with a 
conductance plateau indicates that the conductance peak 
at small gate voltages is not described by a simple single 
particle picture and is similar to conductance plateaus in 
Kondo physics. Breaking the degeneracy by perturbing a 
single hopping-matrix element on the ring destroys this 
conductance peak. In contrast to usual Kondo physics 
new conductance peaks appear which we explain by a 
level/interference blocking mechanism. In contrast to the 
model studied ir£ the Kondo effect discussed in work is 
stabilized by the charge density wave like ordering due to 
the umklapp scattering in the presence of the underlying 
lattice. 



II. MODEL 

In this paper we consider a model consisting of a 
(hexagonal) ring of sites, through which is threaded half 
a flux quantum. The ring is then coupled symmetrically 
to leads in a two-terminal setup, as indicated in Fig. [TJ 
The flux through the ring is modeled using Pcicrls substi- 
tution as a phase on the hopping-matrix elements on the 
ring, such that the relative phase of the hopping elements 
on the ring changes by tt going once around the ring. The 
distribution of this phase over the ring is insignificant as 
it can always be gauged into a single bond. In this work 
we choose to modify a single hopping element only, de- 
noted £bc> as indicated in red in Fig. [1] Including a 
particle-hole symmetric nearest-neighbor density-density 
interaction on the ring the Hamiltonian of the model is 

T~L = URing + %Icad + ^Contact, (1) 
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where ng = d\dg is the local density operator of site £, the two correlator! 
and rib. a = ct „Ck, a is the density operator for momen- 
tum level k in lead a. Ms = 6 denotes the number of 
sites in the ring, M the number of real-space sites in 
the leads, and k labels the momentum-space sites of the 
leads. In this work we use the values U = ioot on the 
dot and give values of tec m units of ^Dot- Mostly we 
consider the case t^c — ~ foot corresponding to half a 
flux-quantum through the ring, $ = $o- Further, we use 
the values t\> = % = t' = 0.5<Dot f° r the coupling to the 
leads. Additionally we use a combination of a logarithmic 
discretization to cover a large energy-scale of the band, 
and switch to a linear discretization for the low-energy 
sector close to the Fermi edgeii, for details of discretiza- 
tion issues we refer toll. We model each lead by a real- 
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tgCpCe-i) denotes the current 
operator on site I and N = \{Nl — Nr) is the rigid shift 
of the levels in the leads corresponding to the applied 
voltage perturbation. Note that the Hamiltonian % in 
Eqs. (|5|6|) contains all interactions and couplings but not 
the voltage perturbation, and \ip ) is the ground state of 
this Hamiltonian. 



FIG. 1: (Color on-line) Illustration of the finite size setup used 
in the DMRG calculations. The sites in the ring are shown 
in blue, and the implementation of the flux, tsc, is shown as 
a red hopping between sites 1 and 6 on the ring. Each lead 
(shown in green) is described by a real-space part coupled 
to a momentum-space part. The real-space part of the leads 
ensures a proper representation of local physics, whereas the 
momentum-space part ensures that the low-energy spectrum 
is properly represented. Note that the outermost real-space 
site in each lead is coupled to all momentum-space sites of 
that lead. 

space tight-binding chain coupled to a momentum-space 
par t 11 ' 13 , an advantageous setup for representing all rele- 
vant energy scales of a given problem. Within this setup 
we evaluate the Kubo formula for conductance, explicitly 



A. Degenerate ground-state 

In the case where the ground-state |-0o) is (near-) de- 
generate the evaluation of the Kubo formula sketched 
above breaks down. Rather than a single ground-state 
correlator at zero temperature, a finite temperature mul- 
tiple 'ground-state' average must be used, since in general 
it cannot be decided numerically whether a finite gap is 
a physical gap, or caused by numerical inaccuracies. The 
evaluation of the Kubo-formula in this case is thus 

9 = ^e^fa (7) 

71=1 

where g n is the conductance of the n'th (near-) degener- 
ate ground-state level calculated using Eqs. (|5|6|) . (3 is the 
inverse temperature, E n is the energy of the n'th level, 
and Z = J2n=i e~' 3 ( B '*~- Eo ) is the partition sum. Here 
we set j3 of the order of the inverse level spacing of the 
leads, thus averaging over low lying states having an ex- 
citation gap smaller than the finite size resolution of the 
leads. In addition TV is chosen sufficiently large to cover 
all relevant (near-) degenerate states. 
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III. RESULTS 

It was shown i n 15 ' 16 that a continuum model of an ID 
ring of non-interacting spinless fermion threated by a flux 
7r shows antircsonanccs at flux <f> — n leading to new phe- 
nomena in the high temperature limit when interaction 
is turned on.— In the non-interacting limit the transport 
properties of the benzene-like ring-structure sketched in 
Fig. [1] can be calculated exactly and in the infinite lead 
limit the conductance is identically zero for all gate volt- 
ages, for all couplings t' and at all temperatures due to 
a perfect interference between the two paths through the 
ring. Note that on a lattice this property does not hold 
for a ring consisting of four or eight sites. Using DMRG 
to evaluate the Kubo formula for conductance we calcu- 
late the conductance for different values of the strength 
of the interaction. We typically use 400 — 800 states 
per block in the DMRG procedure, and the momentum- 
space part of the lead is described by 40 logarithmically 
discretized levels to cover the broad energy-range of the 
band, and additionally 10 linearly discretized levels close 
to the Fermi-edge to ensure a good discretization here. 

The conductances obtained are shown in Fig. [2] In 
the non-interacting limit we do indeed find a vanishing 
conductance with only minor finite-size deviations, origi- 
nating from the finite size of the lead used in the DMRG 
setup. 

Increasing the strength of the interaction, U, the val- 
ues of the conductance also increase, and eventually a 
resonance is formed at zero gate-potential. For the inter- 
action strength [7 = 2 the 'resonant' value of the conduc- 
tance is thus found to be g w 0.75. The shape of this res- 
onance i.e. the exponential decay of the resonance with 
the gate voltage, differs significantly from the Lorentzian 
shape usually found in simple resonant system o 13 i 14 , in- 
dicating that a more complicated mechanism is at play. 

Increasing the strength of the interaction further, U = 
2.25, a broad 'plateau' in the conductance is formed 
around zero gate-potential. The plateau is significantly 
wider than a Lorentzian of the corresponding height, and 
resembles somewhat a split Kondo resonance, the split- 
ting introduced by the hopping to the leads that also 
allows for transport. To show the similarity to the single 
impurity Anderson model (SIAM) we label in Fig. [3] the 
left (right) lead as up (down) electrons. Setting £ Dot — 
no mixing of 'up' and 'down' states occurs, and strong 
interaction forbids adding/removing an additional parti- 
cle. In order to have transport it is necessary to switch 
on the hybridization between the dot sites, which acts 
like a magnetic field suppressing the proposed geometric 
Kondo effect. In our case, due to the added flux, the de- 
generacy of the single-particle levels is not lifted leaving 
room for Kondo physics. Nevertheless, the hybridization 
of the dot provides a mixing of the up and down states 
proposed in Fig.[3l which is necessary to enable transport 
through the ring. However, by increasing U a charge den- 
sity wave (CDW) ordering again becomes preferred when 
the interaction reestablishes two well separated states. It 
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FIG. 2: (Color on-line) Conductance versus gate-potential 
for the ring-structure varying the nearest-neighbor interac- 
tion strength U. In the non-interacting limit the conductance 
is zero to the precision of our finite-size setup, whereas the 
values for moderate interaction strengths approaches the uni- 
tary limit. Lines are added to the DMRG data as guides to 
the eye. 
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FIG. 3: (Color on-line) Conjectured Kondo setup. 



is interesting to note, that the effect is most dominant for 
interaction values close to where a phase transition to a 
CDW ordered state appears in the thermodynamic limit 
at U c = 2t. 

In order to test this idea we have performed simi- 
lar calculations on slightly asymmetric rings, reducing 
the magnitude of a single hopping slightly from unity, 
breaking the degeneracy between the single particle lev- 
els, and obtained the conductances shown in Fig. Q] As 
the figure shows for the interaction strength U = 2.25, 
the introduced asymmetry rapidly destroys the effect, as 
expected for Kondo physics. Ignoring the terms mix- 
ing the two levels at the Fermi surface with the other 
four levels we can map the six site ring on a single Im- 
purity Anderson model with an effective interaction of 
U = 2U/3 and an effective hybridization of r = t'/y/6 
as displayed in Fig. [3] The Kondo temperature Tk, at 
which the Kondo resonance of the SIAM is destroyed is 
given by T K = D exp(-l/J(Z7)), see±&, where D = 2t 
is the band cut-off, and J = t' 2 (l/|e<i| + l/l e d + ^1) ^ s 
the effective Kondo coupling. Setting t' — 0.5t/V& and 
€d = — U/2 due to the particle-hole symmetry, we obtain 
for U = 2.25i a Kondo temperature of T K « 2.5 ■ 10 -4 1, 
which is in reasonable agreement with our numerical re- 
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Level blocking in interacting nanostructure 
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FIG. 4: (Color on-line) An asymmetry of the hopping in the 
ring rapidly destroys the geometric Kondo-effect. This figure 
shows the effect on the conductance and the occupation of 
the ring when modifying a single hopping by 0.01-2%. When 
the geometric Kondo-effect is destroyed a normal resonant 
structure pattern is rediscovered, and the resonance moves 
towards the normal position where the occupation is half- 
integer. Lines are added to the DMRG data as guides to the 
eye. 



suits. 

Also plotted in Fig. 2] is the total density of the ring for 
the various parameter choices. Remarkably the electron- 
density of the ring remains virtually unchanged when 
the asymmetry is varied, although the conductance of 
the ring changes significantly. This clearly demonstrates 
that the observed effect is an interference-effect. Further- 
more, increasing the asymmetry of the ring and thereby 
destroying the interference effect, the resonance is pushed 
towards the usual location for resonant structures, where 
the particle number on the structure is half-integer, and 
at the same time the line-shape becomes increasingly 
Lorentzian, although an asymmetry with a long tail per- 
sists. 

In the case U = 1.0, where no geometric Kondo-effect 
is present, reducing the symmetry in the ring also re- 
sults in changes. From the symmetric case, £bc = — foot) 
where only a very small resonance is found, to the most 
asymmetric case considered here, £bc = — 0.98iDot, a 
clear resonance develops. 

We explain this new resonance as the result of a level 
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FIG. 5: (Color on-line) Occupation rij = (cfcj) of the j- 
th single-particle levels of the non-interacting, isolated ring 
induced by the coupling to the leads and the interaction on 
the ring. 



blocking mechanism, similar to^: When applying a gate 
voltage the upper level of the two levels close to the Fermi 
surface of the leads is pushed out of resonance first. The 
second level remains occupied since emptying the level 
would cost interaction energy due to the particle-hole 
symmetric interaction. Therefore adding or removing a 
particle costs interaction energy and the lower level re- 
mains occupied although it is pushed above the Fermi 
level. This is observed in Fig. 03 where the single-particle 
occupations are plotted for the two cases considered. For 
U = 1.0 the level j$ remains occupied, whereas the level 
j4 is emptied much faster. Since the levels now have dif- 
ferent occupations the perfect destructive interference is 
destroyed and a conductance peak appears at the posi- 
tion, where the lower level is on resonance. By further 
increasing the gate voltage we finally empty the lower 
level as well. Interestingly, for U = 2.25 the filling of 
the upper level increases during this intermediate regime. 
Finally, for large V gatc both levels share the same occupa- 
tion again and destructive interference is reestablished. 

A note is in order about the calculations for small V^ a te : 
In a region around V ga- tc = the combined lead and ring 
system is effectively degenerate, and thus the degener- 
ate method is applied in this parameter range. However, 
even using this expression the evaluation of the conduc- 
tance for small gate-potentials remains difficult due to 
numerically difficult resolvent equations, and the results 
obtained there are not expected to be accurate. 



IV. DISCUSSION 

At the fundamental level the results shown in this work 
clearly demonstrate that the simple picture of individual 
electrons passing through the transport region one after 
the other gives a significantly different result than when 
including even moderate electron-electron interactions. 
Rather a complicated many-body interference effect is 
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formed, and we have proposed/conjectured a Kondo- 
effect as the explanation for the remarkable line-shape 
observed. The proposed Kondo-cffcct lies in the geo- 
metrical degree of freedom, and hence differs from the 
standard Kondo-effect in the spin-degree of freedom. In- 
troducing an asymmetry in the ring clearly destroys the 
effect, in a manner similar to the effect of a magnetic field 
on the standard Kondo-cffcct. Evidence for the proposed 
Kondo effect is given by the disappearance of the conduc- 
tance peak through a weak effective magnetic field, while 
the peak is robust against a small gate voltage. While 
at first sight our model seems to be impractical for ex- 
perimental realizations as one cannot thread a benzene 
ring with half a flux quanta, such a model can actually 
appear as effective models in molecular electronics^. 



Appendix 

The solution of the non-interacting system can most 
easily be calculated by scattering theory. There one 
searches for scattering states of the form e lkx + re~ lkx 
in the left lead, and re lkx in the right lead, and 
n = 0, 1, . . . , 5 for the wave function on the dot, which 
fulfill the Schrodinger equation (H — E)^> = 0. In the 
leads the solution of the tight binding leads requires 
E(k) = — 2icos(fc). Solving the linear set of equations 
for flux (j) = 7r and an incoming wave at the Fermi sur- 
face of k = 7r/2 immediately leads to r = for all 
gate voltage V^ a te- Therefore the linear conductance 
G = |t| 2 = vanishes for arbitrary t\, and tn,. In con- 
trast, setting the flux to zero one obtains a finite con- 



ductance G = ±ul - e f or -j.^ j mear conductance 

( 4t4 + t £4) h 
at zero gate voltage. 

In order to estimate the Kondo temperature in the 
strongly interacting case we define 

Nf = ho + h 2 + h 4 (8) 
N i = ni + n 3 + n 5 . (9) 

If we then then look at the interaction term generated by 



u 



all. 



(10) 

we find that it matches our original interaction U up to 
the addition of terms with distance d=3, i.e. 0-3, 1-4, 
2-5, at least as long as we are close to the half filled 
dot. In the case of a charge density wave like ordering 
these terms leads to the same contribution as the nearest 
neighbour interaction and therefore have to reduce U to 
2I//3 in order to describe our system. 
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